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INTRODUCTION 
t 
In our statement o f  work for this grant, the first item is 
“support and coordinate with research underway at the 
Aerostructures Directorate . . . . ‘ I  This interim report supports the 
design of the model rotor and the comparative study of coupled beam 
theory and the finite element analysis performed earlier at the 
Aerostructures Directorate by Robert Hodges and Mark Nixon. 
Attention is focused upon two matters --- (1) an examination 
of the small discrepancies between twist angle predictions under 
pure iorque and radial loading and (2) an assessment of 
nonclassical effects i n bending behavior. 
Our primary objective is understanding, particularly with 
regard to cause-effect relationships. Understanding, together with 
the simple, affordable nature of the coupled beam analysis, 
provides a sound basis for design. 
STATIC APPLIED LOADING CASES 
The three load cases considered by Hodges and Nixon have been 
considered here. The first case is bending due to lift and blade 
weight, the second is pure torque and the third is axial loading 
due to centrifugal force. 
There is some inconsistency in the equations for the applied 
loading. In the present work, the coordinate X is taken from the 
blade root, which is radial station 5.23. 
Bending Due to Lift and Blade Weight 
The distributed loading i s  
= 0.02222X - 0.0123 (lbs/in) 92 
1 
The rotor model c ross  sect ion appears in Figure 1. The 
coupled beam ana lys i s  of t h i s  loading case appears in  Attachment 1. 
Beam def 1 e c t i  on resul  t s  appear i n Figure 2 .  Bernoul i - E u l  e r  , 
t h e  c l a s s i c a l  engineering beam theory,  r e s u l t s  a r e  denoted by "BE. "  
This model i s  overly s t i f f .  Also  presented a r e  th ree  shear 
deformation models, SD1, SD2 and SD3, and the  f i n i t e  element 
r e s u l t s .  
The shear deformation model S 1  i s  an approximation obtained 
by s e t t i n g  the  coupling s t i f f n e s s  CZ5 and C36 t o  zero .  This i s  the  
c l a s s i c a l  shear deformation model in the  s p i r i t  of Timoshenko. 
Clear ly  i t  i s  overly s t i f f  a l so .  This d i r e c t  t r ansve r se  shear 
I 
e f f e c t  i s  small f o r  a beam of t h i s  s lenderness .  
The complete theory,  which includes a l l  coupling e f f e c t s ,  i s  
denoted SD3. I t  provides good agreement with t h e  f i n i t e  element 
r e s u l t s .  
The approximation denoted SD2 i s  obtained by neglect ing 
completely the c l a s s i c a l  shear deformation e f f e c t  accounted f o r  in 
SD1 in  favor of the  coupling mechanism assoc ia ted  with C Z 5  and C 3 6 .  
This  model ,  t he re fo re ,  includes on 
t r ansve r se  shear-bending coupling 
cont r ibu t ion .  The magnitude of t h  
y deformations due t o  t he  
and the  usual bending 
s new, unexplored form of 
e l a s t i c  coupling i s  seen t o  be enormous by comparing SD2 and B E  
r e s u l t s .  This i s  a f ind ing  o f  major importance in  understanding 
t h e  behavior. 
The SD2 or SD3 models are  required in  t h i s  appl ica t ion  in 
order  t o  g e t  s u f f i c i e n t l y  accurate  p red ic t ions .  This c l e a r l y  
excludes the  e a r l i e r  c l a s s i ca l  type theory of Mansfield and Sobey 
from prac t ica l  use. 
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" Pure Torque 
A l t h o u g h  there  was generally good agreement f o r  the  to r s ion  
case in  the  Hodges-Nixon comparative s t u d y ,  t he  e f f e c t  of 
to rs ion- re la ted  warping was n o t  included. This e f f e c t  has been 
included in  the  ana lys i s  presented in  Attachment 2.  
The cl a s s i  cal S t .  Venant t o r s i  on theory resul  t (wi t h o u t  
warping) i s  compared t o  the  complete beam theory ( C B T )  and the  
f i n i t e  element r e s u l t s  i n  Figure 3. The CBT r e s u l t s ,  which d i f f e r  
from the  c l a s s i c a l  ( C L )  only by the  warping e f f e c t ,  a r e  in  
exce l l en t  agreement with the f i n i t e  element ana lys i s .  Restrained 
warping' c r ea t e s  a boundary layer zone near the  blade r o o t  t h a t  a c t s  
t o  s t i f f e n  the  blade and reduce the  angle of t w i s t .  
Axial Loading Due t o  Centrifugal Force 
This case i s  of the  utmost importance because extension-twist  
coup1 ing i s  t o  be used t o  control blade s t a l l .  In the  Hodges-Nixon 
comparative s tudy ,  the  c lass ica l  S t .  Venant theory was u t i l i z e d  f o r  
t he  coupled beam ana lys i s .  The discrepancy between ana ly t ica l  
p red ic t ions  and the  f i n i t e  element ana lys i s  was the  g r e a t e s t  f o r  
t h i s  case.  Classical  theory was t o o  s o f t  and i t  overestimated the  
t w i s t  angle ,  a condition t h a t  i s  n o t  conservat ive in view of the  
s t a t e d  purpose of the  model demonstration. 
As in the  pure tors ion  case,  the  neglect  of to rs ion- re la ted  
warping i s  the  reason f o r  the discrepancy between coupled beam 
theory and the  f i n i t e  element ana lys i s .  A complete ana lys i s  of 
t h i s  loading case i s  given in Attachments 3 and 4 .  Attachment 3 
contains  the  overal l  response ana lys i s .  The axial  force  
d i s t r i b u t i o n  i s  
N = 913.83 - 7.875X -- 0.75287X' ( l b . )  ( 2 )  
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This expression differs from that quoted in the Hodges-Nixon work ' ,  
due to use of different coordinates. 
The twist angle distribution appears in Figure 4. The use of 
CBT brings the beam theory results in very good agreement with the 
finite element analysis. The rate of twist distribution is given 
in Figure 5 .  Again, the agreement is very good. 
Attachment 4 contains an analysis of the strain distributions 
for this loading case. The strain distributions are given in 
Figures 6 and 7. The results indicate that structural damage would 
be likely to occur at radial station 10 ( X  I 5) rather than at the 
root as' predicted by classical theory. 
WARPING ANALYSIS 
A complete analysis of the effects of torsion-related warping 
appears in Attachment 5.  Also included is a description of a 
simple warpjng model that is based upon a rectangular approximation 
for the cell. The equivalent rectangle is chosen to possess the 
same enclosed area. An assessment of this model suggests that it 
is adequate for the complete analysis. 
The main difficulty in accounting for warping i s  determination 
of the warping function and the stiffness C 7 7 .  Both are 
accomplished readily with the approximate rectangular model. 
CONCLUSIONS 
In structures designed for extension-twist coupling, a high 
degree of bending-shear coup1 ing is present which drastically 
causes the structure to be more flexible in bending. The impact of 
this effect on system performance must be assessed. 
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Torsion-related warping i s  significant enough to warrant its 
inclusion in the beam analysis. A simple rectangular approximation 
may be used, which avoids the complexities associated with warping 
function and warping stiffness determination for sections similar 
to the D spar. With warping accounted for, the coupled beam theory 
is extremely accurate and easy to use. 
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